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Expectation values of four-quark operators in pions
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The values of four-quark operators averaged over pions are expressed through those averaged over vacuum.
The specific values are obtained in the framework of the factorization assumption. For the condensates of the
light quarks of the same flavorq̄Gqq̄Gq the scalar condensate is shown to be an order of magnitude larger than

the other ones. The condensates containing the strange quarksq̄qs̄s appear to be only about twice as small as
those of the light quarks. The degeneracy of the ground state in the Nambu–Jona-Lasinio model is shown
explicitly.
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I. INTRODUCTION

The matrix elements of four-quark operators in hadro
states provide information on the structure of the qua
antiquark sea in the hadrons describing the correlations oq̄q
pairs. Under certain reasonable assumptions the expect
value of the scalar quark operatorq̄q was found in@1–3# to
be equal~up to normalization factors! to the total number of
quarks and antiquarksnh in the hadron. The known expecta
tion values ofq̄q in nucleons and pions@4# correspond to
nN'8 and np'12, exceeding the number of the valen
quarks. This signals the large number of the sea quarks e
at low energies.

Another application is the QCD sum rules in nuclear m
ter. In-medium values of the four-quark condensates are
important ingredient of the approach@5,6#. In the gas ap-
proximation it is expressed through the expectation value
the nucleons.

As it stands now, the only calculation of the four-qua
condensate in hadrons is that carried out by Celenzaet al.
@7#. In @7# the condensate in the nucleons was obtained in
framework of the Nambu–Jona-Lasinio model. Some d
on its value in nucleons were obtained by Johnson
Kisslinger @8# by considering the QCD sum rules for nucl
ons and isobars.

Here we present a calculation of the expectation value
the four-quark operators in pions. In addition to providi
information on the structure of pions, the analysis is an
termediate step in the calculation of the expectation value
nucleons in the framework of models where the qua
antiquark sea is contained in the pion cloud. Some of
models analyzed in@9# as well as perturbative chiral quar
model @10#, provide the examples.

The general form of the four-quark expectation value c
be presented as

Q125^puq̄T1q•q̄T2qup& ~1!

with the subscripts of the matricesT1,2 including spin, color
and flavor. By using the reduction formula obtained by Le
0556-2821/2002/65~7!/074015~6!/$20.00 65 0740
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mann, Symanzik and Zimmerman~LSZ! @11,12# we present
the matrix elements of Eq.~1! through the expectation value
in vacuum

Q125
1

f p
2 (

i , j
^0uq̄Tiq•q̄Tjqu0& ~2!

with f p'93 MeV being the pion decay constant. Furth
calculations are carried out in the framework of a factoriz
tion hypothesis for the vacuum expectation values. This
pothesis was first formulated by Shifmanet al. @13# and was
advocated recently in@14#. In this approximation the expec
tation values of the light quark operators are expres
through the well known value@15# of the condensate

^0uq̄qu0&52
mp

2 f p
2

mu1md
~3!

with mp,u,d standing for the masses of the pion and of t
light quarks. For example, if ‘‘q’’ is ‘‘ u’’ or ‘‘ d’’ quark

^pu~ q̄q!2up&'
22~^0uq̄qu0&!2

f p
2

~4!

for any state of the pion isotope triplet.
The negative value of the condensate corresponds

domination of ‘‘disconnected terms’’ when one of twoq̄q
pairs comes from the vacuum. Theq̄q pairs in the pion are
found to be correlated strongly, with the probability of th
coexistence of two pairs being much smaller than in the
dependent pairs picture.

The four-quarks interactions are presented in the Namb
Jona-Lasinio model@16#, emerging in its simplest SU~2! ver-
sion. The instanton induced ’t Hooft interaction@17# is often
included in the applications nowadays—see e.g.@18#. Being
written in terms of the current quarks, these interactionsV1,2
correspond to the picture ‘‘before’’ the symmetry was spo
taneously broken. Thus the result of averaging over the p
states^puV1up&5^puV2up&50 is a reasonable one. Thi
means that introducing the interactionsV1,2 does not change
©2002 The American Physical Society15-1
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the energy of the ground state. Hence, the latter rem
degenerate until the spontaneous symmetry breaking oc

II. GENERAL EQUATIONS

We define the expectation value of any operatorA in a
hadronh as

^huÂuh&5^hu E d3x@Â~x!2^0uÂ~x!u0&#uh& ~5!

with the vector of statê hu normalized as^h(k)uh(p)&
52p0d(k2p). Of course, the expectation value^0uÂ(x)u0&
does not depend onx. Thus the matrix element̂huÂuh& is
defined as the excess of the density of the operatorA over the
vacuum value, integrated over the volume of the hadron

Because of the partial conservation of axial vector curr
~PCAC! the pion state vector can be expressed through
of the vacuum~see, e.g.,@12#!

upa~x!&5
1

A2 f pmp
2

]mJm5
a ~x!u0& ~6!

with a being the isospin index whileJms
a is the axial vector

current of the light quarks with the corresponding quant
numbers:

Jm5
1 ~x!5(

c
d̄c~x!gmg5uc~x!;

Jm5
2 ~x!5(

c
ūc~x!gmg5dc~x!;

Jm5
0 ~x!5(

c

ūc~x!gmg5uc~x!2d̄c~x!gmg5dc~x!

A2
~7!

with ‘‘ c’’ being the color index.
By applying Eq.~5! for both ^pu and up& states in the

matrix element^puAup& of any operatorA one finds the
reduction LSZ formula@11,12#

^pauÂupa&5
1

f p
2 ^0uBau0& ~8!

with

Ba5
1

VE d3xdy0dz0d~x02y0!d~z02x0!

3†Q̄5
a~z0!,@Q5

a~y0!,A~x!#‡. ~9!

HereV is the normalization volume, the commutator@X,Y#
5XY2YX, while

Q5
a~y0!5E d3yJ05

a ~y! ~10!
07401
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is the axial charge, corresponding to the currentJm5
a .

Note that application of Eq.~9! to the quark scalar opera
tor A5ūu1d̄d yields @4#

^puūu1d̄dup&5
2mp

2

mu1md
~11!

with the proper behavior in the chiral limit. It was shown
@19# that the dimensionless value, identified with the to
number of quarks and antiquarks

np5
^puūu1d̄dup&

2mp
~12!

can be obtained by using the pion vector of stateup̃& with
normalization^p̃(k)up̃(p)&5d(k2p).

III. THE FOUR-QUARK OPERATORS

The general form of the operator, containing the fo
quark fields q of a specific flavor isA5qa

aq̄b
bqg

c q̄d
d with

a,b,g,d anda,b,c,d being Lorentz and color indices. In th
applications the product of the fields is time-ordered. Th
considering the product of the field operators at the sa
space-time point we treat it as the limit of a time-order
product.

Each of the products of the two-quark fields can be p
sented as

qa
aq̄b

b52
1

12 (
X

q̄GXqGab
X dab2

1

64 (
X,r

q̄GXlrqGab
X lab

r

~13!

with lr(r51 . . . 8) standing for the standard Gell-Man
matrices normalized by the relation Splrlt52drt. The 16
basic Dirac 434 matrices are

G15I , Gm
2 5gm , G35g5 , Gm

4 5gmg5 ,

Gk
55

1

2
~gmgn2gngm! ~14!

with m51 . . . 4, k51 . . . 6.
Thus it is sufficient to study the condensates of the fo

SXY5^hu(
a,b

q̄aGXqa
•q̄bGYqbuh& ~15!

and

RXY5^hu (
a,a8,b,b8,r

q̄aGXlaa8
r qa8

•q̄bGYlbb8
r qb8uh& ~16!

with the matricesG(l) acting on Lorentz~color! indices.
For the expectation values of the operators, which

antisymmetric in the color variables
5-2
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UXY5^hu (
a,a8,b,b8,r

q̄aGXqa8
•q̄bGYqb8uh&

3~daa8•dbb82dab8•dba8! ~17!

we find by using the properties of Gell-Mann matrices

UXY5
2

3
SXY2

1

3
RXY ~18!

with SXY andRXY being defined by Eqs.~15! and ~16!.
The condensates determined by Eqs.~15! and~16! contain

the quarks of the same flavor. For the case of different flav
of quarks:u,d(u,d,s) one can present similar covariant e
pressions replacingGX,Y by Ti

X,Y5GX,Y
•t i with t i acting on

the isospin indices.

IV. EXPECTATION VALUES OF THE LIGHT QUARK
OPERATORS

Here we calculate the expectation values of the 4-qu
operators which include ‘‘u’’ and ‘‘ d’’ quarks only. The com-
mutators which enter Eq.~8! can be calculated by using th
relation @16#

$qa
a~x!,qb

b~y!%5~g0!abdabd~x2y! ~19!

with $X,Y%5XY1YX at x05y0, while the anticommutators
between all the other quark operators turn to zero. Evalua
of the right-hand side~RHS! of Eq. ~9! thus leads to the form

^0uBau0&5
1

V
^0u E d3xFa~x!u0& ~20!

with Fa(x) being the product of four quark operators. Sin
the vacuum is uniform, the densityFa does not depend onx.
Hence, we can put

Ba5Fa~0!. ~21!

To illustrate how it works we present the calculation
the operatorB, corresponding to the expectation valu
^p1uūGu•ūGuup1& with G5GX5GY. The internal commu-
tator in the RHS of Eq.~9! is

k5E d3y(
a

@ d̄a~y!g0g5ua~y!,ū~x!Gu~x!ū~x!Gu~x!#.

~22!

Presenting explicitly d̄ag0g5ua5(g,ad̄g
a(g0g5)ga

ua
a and

ūGu5(b,d,būb
bGbdud

b we employ the fact that the anticom
mutator of the fieldsua

a andūb
b is given by Eq.~19! while all

the others ones are zero. Using also the relation$g0 ,g5%
50 we obtain

k52$d̄~x!g5u~x!,ū~x!Gu~x!%. ~23!

After similar calculation of the commutator@Q̄5
1 ,k# we find
07401
rs

rk

n

B1
„~ ūGu!2

…52ūGu~ ūGu1d̄g5Gg5d!2d̄g5GuūGg5d.
~24!

Here we introduced notationBa(A) for the operatorB re-
lated to operatorA by Eq. ~9!.

One can obtain in the same way

B2
„~ ūGu!2

…52ūGu~ d̄Gd1ūg5Gg5u!2d̄g5Gu•ūGg5d
~25!

and

B0
„~ ūGu!2

…52ūGu~ ūGu1ūg5Gg5u!

2
1

2
ū$g5 ,G%u•ū$g5 ,G%u. ~26!

For the mixed operatorA5ūGud̄Gd we find

B6~ ūGud̄Gd!52ūGud̄Gd2
1

2
„ūGuūg5Gg5u

1ūg5Gdd̄g5Gu1~u↔d!…, ~27!

while

B0~ ūGud̄Gd!52ūGud̄Gd2
1

2
~ ūGud̄g5Gg5d

1d̄Gdūg5Gg5u2ū$g5 ,G%ud̄$g5 ,G%d!.

~28!

Of course, the isotope invariance provides the relatio
B1

„(d̄d)2
…5B2

„(ūu)2
…, etc.

For the important special caseG5I Eqs. ~24!–~28! take
the form

B6
„~ ūu!2

…52~ ūu!22ūud̄d2d̄g5uūg5d ~29!

B0
„~ ūu!2

…522„~ ūu!21~ ūg5u!2
… ~30!

and

B6~ ūud̄d!52
1

2
„~ ūu1d̄d!212ūg5dd̄g5u…, ~31!

while

B0~ ūud̄d!522~ ūud̄d2ūg5ud̄g5d!. ~32!

Note that Eqs.~24!–~32! are obtained for the operator
SXX defined by Eq.~15!, i.e. for the colorless diquarks. Th
operatorsB(RXX) with RXX defined by Eq.~16! are ex-
pressed by the same Eqs.~25!–~28! with the matricesG be-

ing replaced byG̃r5Glr with further summation overr.
By using Eqs.~9! and ~18! one can obtain the operato

B(A) for the four-quark operator of the general form

A5(
r

C̄G̃ i
rP1C•C̄G̃ j

rP2C ~33!
5-3
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with C5 (d
u) being the quark spinor. The operatorsP1,2

are the projection operators in the isospin space. Eac
them is equal either toP1 or to P2 with P65(16t3)/2. We
defined

G̃k
r5Gkl

r ~34!

for any 434 matrix Gk acting on Lorentz indices.
The matrix lr(r50 . . . 8) is either the unit matrix (r

50) or one of the Gell-Mann color matrices (r51, . . . ,8).
For the operatorA defined by Eq.~33! we obtain

Ba52
1

2
C̄~g5G j

rtāP21G j
rg5P2tā!CC̄~g5G i

rtaP1

1G i
rg5P1ta!C2

1

2
C̄G j

rP2C~C̄1G i
rtātaP1C

1C̄G i
rP1tatāC!1~1→2! ~35!

with a51,2,0 standing for the pion isospin indices. F
the specific cases Eq.~34! takes a much more simple form
since some of the terms vanish:t1P1C5t2P2C50;
P2t1C5P1t2C50.

V. FOUR-QUARK OPERATORS CONTAINING HEAVIER
QUARKS

Here we calculate the expectation values of the opera
containing heavier quarks. Calculations, similar to those
scribed in the previous section, provide

B6~ ūGXuc̄ iG
Yc i !52

1

2
~ ūGXu1d̄g5GXg5d!c̄ iG

Yc i ,

~36!

while

B0~ q̄GXqc̄ iG
Yc i !52

1

2
~ q̄GXq1q̄g5GXg5q!c̄ iG

Yc i .

~37!

For the operatorA consisting of the heavy quarks only, e.
A5c̄ iG

Xc i c̄ jG
Yc j , we find immediately

Ba~A!50. ~38!

VI. FACTORIZATION APPROXIMATION

Now we calculate the RHS of Eqs.~24!–~37! in the fac-
torization approximation@13#. This means that the sum ove
the intermediate states is assumed to be dominated by
vacuum state, i.e.

^0uq̄a,a
i qb,b

j q̄g,c
k qd,d

l u0&5
1

122
~d i j dabdabdkl dgddcd

2d i l daddadd jkdbgdbc!^0uq̄iqi u0&

3^0uq̄ jqj u0& ~39!
07401
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with the upper indices standing for the flavor. For the qua
of the same flavor this provides for any 434 matricesG r ,Gs

^0uq̄G̃ r
rqq̄G̃s

rqu0&5
1

122
~SpG̃ r

r SpG̃s
r2SpG̃ r

rG̃s
r!

3~^0uq̄qu0&!2 ~40!

with G̃k
r defined by Eq.~34!. For r50, whenlr is the unit

matrix andG̃k
05Gk , Eq. ~40! takes the form

^0uq̄G rqq̄Gsqu0&5
1

16S SpG r SpGs2
1

3
SpG rGsD

3~^0uq̄qu0&!2, ~41!

while

^0u (
r51

q̄G̃ r
rqq̄G̃s

rqu0&52
1

9
SpG rGs~^0uq̄qu0&!2. ~42!

For the quarks with different flavorsiÞ j we find

^0uq̄iG rqi q̄ jGsqj u0&5
1

16
SpG r SpGs^0uq̄iqi u0&^0uq̄ jqj u0&

~43!

and

^0uq̄iG rqj q̄ jGsqi u0&52
1

3316
SpG rGs^0uq̄iqi u0&

3^0uq̄ jqj u0&, ~44!

while

^0u (
r51

q̄i G̃ r
rqj q̄j G̃s

rqi u0&52
1

9
SpG rGs^0uq̄iqi u0&

3^0uq̄ jqj u0&, ~45!

which is true fori 5 j as well, and

^0u (
r51

q̄i G̃ r
rqiq̄j G̃s

rqj u0&50. ~46!

Assuming also isospin invariance, i.e.̂ 0uūuu0&
5^0ud̄du0&5^0uq̄qu0& we find

^0uB1
„~ ūGu!2

…u0&52
1

8 S ~SpG!22
1

3
SpG2D ~^0uq̄qu0&!2

~47!

^0uB2
„~ ūGu!2

…u0&52
1

8 S ~SpG!22
1

6
SpG2

2
1

6
SpGg5Gg5D ~^0uq̄qu0&!2,

~48!
5-4
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while

^0uB0
„~ ūGu!2

…u0&52
1

8 S ~SpG!22
1

3
SpG22

1

3
SpGg5Gg5

1~Spg5G!2D . ~49!

For the mixed operatorA5ūGud̄Gd we obtain

^0uB6u0&52
1

8 S ~SpG!22
1

3
SpGg5Gg5D ~50!

and

^0uB0u0&52
1

8
„~SpG!22~Spg5G!2

…. ~51!

We present also the result for the operators containing
colored diquarks. For the operator(r(ūGlru)2 they are

^0uB1u0&5
2

9
SpG2~^0uq̄qu0&!2 ~52!

^0uB2u0&5
2

9
SpGg5Gg5~^0uq̄qu0&!2 ~53!

^0uB0u0&5
2

9
~SpG21SpGg5Gg5!~^0uq̄qu0&!2, ~54!

while for A5(rūGlrud̄Glrd

^0uB6u0&5
2

9
SpGg5Gg5~^0uq̄qu0&!2; ^0uB0u0&50.

~55!

Equations~47!–~55! are true for any 434 matrix G. If G
5GX with GX, being one of the basic matrices defined by E
~14!, the unit matrixG5G1 is the only one for which SpG
Þ0. Thus the scalar condensate appears to be numeri
larger than the other condensates of the formA5(q̄GXq)2.
The values are

^0uB6
„~ q̄q!2

…u0&52
22

12
~^0uq̄qu0&!2 ~56!

^0uB0
„~ q̄q!2

…u0&52
20

12
~^0uq̄qu0&!2, ~57!

while for A5ūud̄d

^0uB6u0&52
22

12
~^0uq̄qu0&!2, ~58!

^0uB0u0&522~^0uq̄qu0&!2. ~59!

Deviations of the coefficients in the RHS of Eqs.~56!–~59!
manifest themselves in the units of the characteristic fa
1/12—see Eq.~41!. Also, for the operatorA5(r(ūlru)2
07401
e

.

lly

r

^0uB1u0&5
8

9
~^0uq̄qu0&!2; ^0uB0u0&5

16

9
~^0uq̄qu0&!2,

~60!

while for A5(rūlrdd̄lru

^0uB6u0&5
8

9
~^0uq̄qu0&!2; ^0uB0u0&50. ~61!

For the expectation values of the operators contain
heavier quarks we obtain for the operatorA5q̄GXqc̄ iG

Yc i

^0uBu0&52
1

32
~SpGXSpGY1SpGX Spg5GYg5!^0uq̄qu0&

3^0uc̄ ic i u0&, ~62!

while ^0uBu0&50 for the operators containing the colore
diquarks.

VII. SUMMARY

We solved the problem of expressing the expectation v
ues of four-quark operators in pions through those
vacuum. The further specific calculations were carried ou
the framework of the factorization hypothesis.

For the scalar operators of the light quarks the expecta
values turn out to be negative. This can be understood in
following way. Note that the four-quark condensates take
form of the superposition of the products of the two-qua
operatorsh1,2, i.e.,A5h1h2. Forh15h25h Eq. ~5! can be
presented as

^huh2uh&52^0uhu0&^huhuh&1^hu E d3x„h~x!

2^0uhu0&…2uh&, ~63!

if the factorization approximation is assumed.
The first term in the RHS of Eq.~63! describes the ‘‘dis-

connected contribution’’ with one ofq̄q pairs coming from
vacuum. For the expectation values of the operators (q̄q)2,
i.e., h5q̄q, the first term in the RHS of Eq.~63! is exactly
the RHS of Eq.~4!. Thus the expectation values of operato
(q̄q)2 are dominated by ‘‘disconnected terms.’’ The sam
refers to the operatorA5ūud̄d. For the operatorsh of the
form q̄GXq with XÞ1 @see Eq.~14!# the ‘‘disconnected
terms’’ vanish since the scalar condensate is the only
with a nonzero vacuum expectation value.

For the scalar operators the second term of the RHS
Eq. ~63! describes the correlation betweenq̄q pairs inside the
pion. It corresponds to deviations of the RHS of Eqs.~56!-
~59! from that of Eq.~4!. If these pairs would have bee
independent, we would expect the estimation

^0uBu0&2~22!•
^0uq̄qu0&2

f p
2

'^puq̄qup&•
np

q

Vp
~64!
5-5
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to be true. Herenp
q is the number ofq̄q pairs of the certain

flavor @see Eq.~12!#, while Vp is the pion volume. The latte
can be obtained since the pion radius is known to be@20#

r p5
A3

2p f p
. ~65!

However, the value obtained from Eqs.~56!–~59! appears to
be much smaller than the RHS of Eq.~64!. This means that
the pairs of light quarks are correlated strongly and that
probability of finding two pairs at the same point is mu
smaller than in the approximation of independent pairs.

As one can see from the formulas of Sec. V, for the c
densates of the same flavorq̄GXqq̄GXq those withX51 are
about 10 times larger than the other values ofX. In other
words, the value of the scalar condensate is about 10 ti
larger than the values of the vector, pseudoscalar, pseudo
tor and tensor condensates. This is becauseG1 is the only
matrix with SpGXÞ0. Since for each of the matricesGX

defined by Eq.~14! uSp(GX)2u54, the condensates withA
Þ1 contain the numerically small factor1334 5 1

12 . For the
condensates with different flavorsūGXud̄GXd the scalar con-
g

da

ed

07401
e

-

es
ec-

densate dominates for the charged pions. For the neu
pions the pseudoscalar condensate is as large as the s
condensate.

We obtain also the values for the condensates contain
heavier quarks. Assuminĝ0us̄su0&'^0uq̄qu0& with q stand-
ing for the ‘‘u’’ or ‘‘ d’’ quark, we find the expectation value
^puq̄qs̄sup& to be only about twice smaller than the valu
^pu(q̄q)2up&. The expectation values, containing two pa
of heavier quarks (s,c, etc.! become zero. The expectatio
values of the four-quark operators in pions in the ter
describing the four-quark interactions in NJL model are ze
This is the expected result corresponding to the degene
of the ground state before the spontaneous symm
breaking.
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